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, $Q^{n}$ 0 (cf. [2, p.31]). ,
$SU(n/2),$ $Sp(n/4),$ $G_{2}$ Spin(7)
, ,
(cf. [5, p.64-69]). , $Q^{n}$
.
1 , ,
. 2 , $Q^{2n+m}$ $\Sigma Q$ $M^{2n}$
$\Sigma Q|_{M}$ $M^{2n}$ $\Sigma M$ $N$ $\Sigma N$
B\"ar [1] , . 3 , $Q^{2n+m}$
$2n$ , 4 5 ,
4 .
1
$(Q, g)$ $n$ . $Q$ $Q$ SO(n)
$P$ . $Q$ $(\tilde{P}, \pi)$ , SO(n) $Parrow Q$
Spin(n) $\tilde{P}arrow Q$ . , $\pi$ : $\tilde{P}arrow P$
2 $\pi$ : Spin(n)\rightarrow SO(n) .
$Q$ , $Q$ 2
$w_{2}(Q)\in H^{2}(Q;\mathrm{Z}_{2})$ . $Q$ , $Q$
. , , $Q$ $(\tilde{P}, \pi)$
.
, $Q$ $\Sigma Q$ . $\Delta^{n}$ Spin(n)




$n=2m$ , $\dim_{\mathrm{C}}\Delta^{2m}=2^{m}$ , $\Delta^{2m}=\Delta_{+}^{2m}\oplus\Delta_{-}^{2m}$ . ,
$\Delta_{\pm}^{2m}$ Spin(2m) .
$n=2m+1$ , dimc $\Delta^{2m+1}=2^{m}$ , $\Delta^{2m+1}$ Spin(2m+1)
.
, $\Sigma Q:=\tilde{P}\mathrm{x}_{Spin(n)}\Delta^{n}$
. $n=2m$ , $\Sigma Q=$
$\Sigma^{+}Q\oplus\Sigma^{-}Q$ .
$\Sigma Q$ $\psi\in\Gamma(\Sigma Q)$ $Q$ ( ) . $\Sigma Q$ ,
$TQ$ Levi-Civita $Q$ $\Sigma Q$ ( )
. $\nabla^{\Sigma Q}\psi=0$ $\psi$ .
2B\"ar
, $Q^{2n+r1}$
$2n$ $M^{2n}$ . $M^{2n}$ $Q^{2n+m}$
. , $M^{2n}$ , Milnor
(cf. [6, p.85]) , $M^{2n}$ $N$ ( .
, 1
). , $Q^{2n+m}$ $\Sigma Q$
$M^{2n}$ , $M^{2n}$ $N$
$\Sigma Q|_{M}=\Sigma M\otimes\Sigma N$
(cf. [1] or [4, \S 2]). $Q^{2n+m}$ $M^{2n}$ 2 $II$
. $TQ|_{M}$ $TQ|_{M}=TM\oplus N$
XQY–\nabla XMY $=II(X, \mathrm{Y})$ , $X,$ $\mathrm{Y}\in\Gamma(TM)$
, B\"ar [1] (cf. [4, \S 2]).
$\nabla_{X}^{\Sigma Q}-\nabla_{X}^{\Sigma M\otimes\Sigma N}=\frac{1}{2}.\sum_{1=1}^{2n}\gamma_{Q}(X_{1}. . II(X, X_{1}.))$. (1)
, $\{X_{1}, \ldots, X_{2n}\}$ $TM$ , $\gamma_{Q}$ $\Sigma Q|_{M}$
. $M^{2n}$ Dirac ,
$D_{M}:= \sum_{j=1}^{2n}\gamma_{M}(X_{j})\nabla_{X_{j}}^{\Sigma M}$
, $N$ $\Sigma N$ Dirac





$D_{M}^{\Sigma N}= \sum_{j=1}^{2n}\gamma_{Q}(X_{j})\nabla_{\mathrm{x}_{j}^{Q}}^{\Sigma}+n\gamma_{Q}(H)$ . (2)
, $H$ $Q^{2n+m}$ $M^{2n}$ .
. (1) ,
$\sum_{j=1}^{2n}\gamma_{Q}(X_{j})\nabla_{x_{j}^{Q}}^{\Sigma}-D_{M}^{\Sigma N}$ $=$ $\sum_{j=1}^{2n}\gamma_{Q}(X_{j})(\nabla_{X_{\mathrm{j}}}^{\Sigma Q}-\nabla_{X_{j}}^{\Sigma M\otimes\Sigma N)}$
$=$ $\frac{1}{2}\sum_{j=1}^{2n}\gamma_{Q}(X_{j})\sum_{i=1}^{2n}\gamma_{Q}(X_{i}\cdot II(X_{j}, X_{i}))$
$=$ $\frac{1}{2}\sum_{i_{\dot{\theta}}=1}^{2n}\gamma_{Q}(X_{j}\cdot X_{i})\gamma_{Q}(II(X_{j}, X_{i}))$ .
, $X_{j}\cdot X_{i}+X_{i}\cdot X_{j}=0(i\neq$ $II$ ,
$\sum_{j=1}^{2n}\gamma_{Q}(X_{j})\nabla_{\mathrm{x}_{j}^{Q}}^{\Sigma}-D\%^{N}$ $=$ $\frac{1}{2}\sum_{i=1}^{2n}\gamma_{Q}(X_{i}\cdot X_{i})\gamma_{Q}(II(X_{i}, X_{i}))$
$=$ $- \frac{1}{2}\gamma_{Q}(\sum_{i=1}^{2n}II(X_{i}, X_{i}))$
$=$ $-n\gamma_{Q}(H)$ .
B\"ar , [1] , Dirac




3.1. $M^{2n}$ $Q^{2n+m}$ $2n$
. $Q^{2n+m}$ $\psi$ $M^{2n}$ ,
$\Sigma M\otimes\Sigma N(\psi|_{M})=0$ (3)
$M^{2n}$ .
23
, (1) $M^{2n}$ $Q^{2n+m}$ .
,
32. (3) $M^{2n}$ $Q^{2n+m}$ .
. $\psi\in\Gamma(\Sigma Q)$ (3) $Q^{2n+m}$ .
, $\psi|_{M}\in\Gamma(\Sigma Q|_{M})$ $M^{2n}$ 0 . (2) ,
$D_{M}^{\Sigma N}(\psi|_{M})$ $=$ $\sum_{i=1}^{2n}\gamma_{Q}(X_{i})\nabla_{X}^{\Sigma Q}.\cdot(\psi|_{M})+n\gamma_{Q}(H)\psi|_{M}$
$=$ $n\gamma_{Q}(H)\psi|_{M}$ .
, $D_{M}^{\Sigma N}$ ,
$D_{M}^{\Sigma N}( \psi|_{M})=\sum_{\dot{\iota}=1}^{2n}\gamma_{Q}(X_{1}.)\nabla_{X}^{\Sigma M\otimes\Sigma N}.\cdot(\psi|_{M})=0$ .
,
$\gamma_{Q}(H)\psi|_{M}=0$ .
$|\psi|_{M}|\neq 0$ , $H=0$ .
, 3.1 (3) 1 $Q^{2n+m}$
.
4 $Q^{2n+1}$
, 3.1 . $Q^{2n+m}$
$\psi$ , 2.1 , $Q^{2n+m}$ $M^{2n}$
$D_{M}^{\Sigma N}$ $\psi|_{M}$ . , $D_{M}^{\Sigma N}$ Lichnerowicz
.
4.1. $Q^{2n+m}$ $(2n+m)$ , $M^{2n}$ $Q^{2n+m}$
$2n$ . $M^{2n}$ $\kappa$ ,
R . ,
$(D_{M}^{\Sigma N})^{2}=( \nabla^{\Sigma M\otimes\Sigma N})^{*}\nabla^{\Sigma M\otimes\Sigma N}+\frac{1}{4}\kappa$
$+ \frac{1}{2}\gamma Q(.\sum_{1<j}^{2n}\sum_{k<l}^{m}\langle R_{X.,X_{\mathrm{j}}}^{[perp]}.(\mathrm{Y}_{k}), \mathrm{Y}_{l}\rangle X:\cdot Xj$ . $\mathrm{Y}_{k}\cdot \mathrm{Y}_{l})$ (4)
. , $\{\mathrm{Y}_{1}, \ldots, \mathrm{Y}_{m}\}$ $N$ .
24
. Lawson Michelson [6, p.164] (8.23)
$(D_{M}^{\Sigma N})^{2}=( \nabla^{\Sigma M\otimes\Sigma N})^{*}\nabla^{\Sigma M\otimes\Sigma N}+\frac{1}{4}\kappa+\mathcal{R}^{\Sigma N}$
. , $\mathcal{R}^{\Sigma N}$ : F(\Sigma M\otimes \Sigma N)\rightarrow r(\Sigma M\otimes \Sigma N),
.
$\mathcal{R}^{\Sigma N}(\sigma\otimes\tau)$ $:=$ $\frac{1}{2}\sum_{i,j=1}^{2n}\gamma_{M}(X_{i}\cdot X_{j})\sigma\otimes(R_{X.,X_{j}}^{\Sigma N}.\tau)$
$=$ $\sum_{i<j}^{2n}\gamma_{M}(X_{i}\cdot X_{j})\sigma\otimes(R_{X}^{\Sigma N}\dot{.},\mathrm{x}_{j}\tau)$ . (5)
, $\sigma\in\Gamma(\Sigma^{+}M)$ $\sigma\in\Gamma(\Sigma^{-}M)$ , $\tau\in\Gamma(\Sigma N)$ . ,
(5) . $[6, \mathrm{p}.1\mathrm{O}\mathrm{O}]$ (4.37) ,
$R_{X_{i}}^{\Sigma N}, \mathrm{x}_{j}(\tau)=\frac{1}{2}\sum_{k<l}^{m}\langle R_{X.,X_{j}}^{[perp]}.(\mathrm{Y}_{k}), \mathrm{Y}_{l}\rangle\gamma_{N}(\mathrm{Y}_{k}\cdot \mathrm{Y}_{l})\tau$ . (6)
(6) (5) ,
$\mathcal{R}^{\Sigma N}(\sigma\otimes\tau)$ $=$ $\frac{1}{2}\sum_{i<j}^{2n}\sum_{k<l}^{m}\langle R_{x_{:},\mathrm{x}_{j}}^{[perp]}(\mathrm{Y}_{k}), \mathrm{Y}_{l}\rangle\gamma_{M}(X_{i}\cdot X_{j})\sigma\otimes\gamma_{N}(\mathrm{Y}_{k}\cdot \mathrm{Y}_{l})\tau$
$=$ $\frac{1}{2}\sum_{i<j}^{2n}\sum_{k<l}^{m}\langle R_{X.,X_{j}}^{[perp]}.(\mathrm{Y}_{k}), \mathrm{Y}_{l}\rangle\gamma_{Q}(X_{i}\cdot X_{j})(\sigma\otimes\gamma_{N}(\mathrm{Y}_{k}\cdot \mathrm{Y}_{l})\tau)$
$=$ $\frac{1}{2}$
.
$\sum_{i<j}^{2n}\sum_{k<l}^{m}\langle R_{X\dot{.},X_{j}}^{[perp]}(\mathrm{Y}_{k}), \mathrm{Y}_{l}\rangle\gamma_{Q}(X_{i}\cdot X_{j})(-1)^{\deg\sigma}\gamma_{Q}(\mathrm{Y}_{k})(\sigma\otimes\gamma_{N}(\mathrm{Y}_{l})\tau)$
$=$ $\frac{1}{2}\sum_{i<j}^{2n}\sum_{k<l}^{m}\langle R_{X.,X_{j}}^{[perp]}.(\mathrm{Y}_{k}), \mathrm{Y}_{l}\rangle\gamma_{Q}(X_{i}\cdot X_{j})(-1)^{2\deg\sigma}\gamma_{Q}(\mathrm{Y}_{k}\cdot \mathrm{Y}_{l})(\sigma\otimes\tau)$
$=$ $\frac{1}{2}\sum_{i<j}^{2n}\sum_{k<l}^{m}\langle R_{X.,X_{j}}^{[perp]}.(\mathrm{Y}_{k}), \mathrm{Y}_{l}\rangle\gamma_{Q}(X_{i}\cdot X_{j}\cdot \mathrm{Y}_{k}\cdot \mathrm{Y}_{l})(\sigma\otimes\tau)$
$=$ $\frac{1}{2}\gamma_{Q}(\sum_{i<j}^{2n}\sum_{k<l}^{m}\langle R_{X.,X_{j}}^{[perp]}.(\mathrm{Y}_{k}), \mathrm{Y}_{l}\rangle X_{i}\cdot X_{j}\cdot \mathrm{Y}_{k}\cdot \mathrm{Y}_{l)}(\sigma\otimes\tau)$ .






42. $Q^{2n+1}$ $(2n+1)$ ,
$M^{2n}$ $Q^{2n+1}$ $2n$ .
:
(i) $M^{2n}$ $Q^{2n+1}$ , 0 .
(ii) $M^{2n}$ $Q^{2n+1}$ , 0 .
(iii) $M^{2n}$ $Q^{2n+1}$ .
(iv) $\psi\in\Gamma(\Sigma Q)$ , $\nabla^{\Sigma M\otimes\Sigma N}(\psi|_{M})=0$ .
. $(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{v})$ : $\psi\in\Gamma(\Sigma Q)$ $Q^{2n+1}$ . $|\psi|\equiv 1$
$\langle$ . (4) $\psi|_{M}$ , $\psi|_{M}$ , $M$
,
$\int_{M}\langle (D_{M}^{\Sigma N})^{2}\psi|_{M}, \psi|_{M}\rangle d\mathrm{v}\mathrm{o}\mathrm{l}$
$= \int_{M}\langle(\nabla^{\Sigma M\otimes\Sigma N})^{*}\nabla^{\Sigma M\otimes\Sigma N}(\psi|_{M}), \psi|_{M}\rangle d\mathrm{v}\mathrm{o}\mathrm{l}+\frac{1}{4}\int_{M}\kappa\langle\psi|_{M}, \psi|_{M}\rangle$dvol
. $D_{M}^{\Sigma N}$ , (2) ,
$n^{2} \int_{M}|H|^{2}d\mathrm{v}\mathrm{o}\mathrm{l}=\int_{M}|\nabla^{\Sigma M\otimes\Sigma N}(\psi|_{M})|^{2}d\mathrm{v}\mathrm{o}\mathrm{l}+\frac{1}{4}\int_{M}$xdvol
. , $H=0,$ $\kappa=0$ ,
$\Sigma M\otimes\Sigma N(\psi|_{M})=0$ .
$(\mathrm{i}\mathrm{v})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ : $|\psi|\equiv 1$ . (1) , $X\in\Gamma(TM)$ ,
$0= \nabla_{X}^{\Sigma Q}(\psi|_{M})-\nabla_{X}^{\Sigma M\otimes\Sigma N}(\psi|_{M})=\frac{1}{2}\sum_{\dot{l}=1}^{2n}\langle II(X, X_{\dot{l}}), \mathrm{Y}_{1}\rangle\gamma Q(X:\cdot \mathrm{Y}_{1})\psi|_{M}$
. , $\mathrm{Y}_{1}$ $M$ . $p\in M$ ,
$\varphi:=\gamma_{Q}(\mathrm{Y}_{1})\psi|_{M}$ . , $\langle\varphi, \varphi\rangle=1$ ,
$. \sum_{1=1}^{2n}\langle II(X, X:), \mathrm{Y}_{1}\rangle\gamma_{Q}(\mathrm{x}_{:})\varphi=0$
. $\gamma_{Q}(X_{j})\varphi$ , $j=1,$ $\ldots,$ $2n$
,
$\sum_{\dot{\iota}\neq j}\langle II(X, X:), \mathrm{Y}_{1}\rangle\langle\gamma_{Q}(X:)\varphi, \gamma_{Q}(X_{j})\varphi\rangle+\langle II(X, X_{j}), \mathrm{Y}_{1}\rangle=0$
. ,
$\langle II(X, X_{j}), \mathrm{Y}_{1}\rangle(p)=0,$ $j=1,$ $\ldots,$ $2n$
26
, $M^{2n}$ $Q^{2n+1}$ .
$(\mathrm{i}\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})$ : $\psi\in\Gamma(\Sigma Q)$ $Q^{2n+1}$ . $|\psi|\equiv 1$
. $II=0$ , (1) , $X\in\Gamma(TM)$ ,
$X\Sigma M\otimes\Sigma N(\psi|_{M})=0$
. , $\nabla^{\Sigma M\otimes\Sigma N}$ ,
$R^{\Sigma M\otimes\Sigma N}(\psi|_{M})=0$
. $p\in M$ . $\{\tau\}$ $(\Sigma N)_{p}$ ,
$\psi|_{M}=\sum_{j}\sigma_{j}\otimes\tau$
. , $\sigma_{j}\in(\Sigma M)_{\mathrm{p}}$ . ,
0 $=$ $R^{\Sigma M\otimes\Sigma N}(\psi|_{M})$
$=$
$\sum_{j}(R^{\mathit{8}M}\sigma_{j})\otimes\tau+\sum_{j}\sigma_{j}\otimes R^{\Sigma N}\tau$
, (6) , $R^{\Sigma N}=0$ ,
$\sum_{j}(R^{\Sigma M}\sigma_{j})\otimes\tau=0$
.
$\tau\neq 0$ , $R^{\Sigma M}\sigma_{j}=0$ . $\sigma_{j}$ 0
. , [2, p.16] (1.13) ,
$0= \sum_{i=1}^{2n}\gamma_{M}(X_{i})R_{X,X_{i}}^{\Sigma M}(\sigma_{j})=-\frac{1}{2}\gamma_{M}(\mathrm{R}\mathrm{i}\mathrm{c}(X))\sigma_{j}$ ,
$\sigma_{j}\neq 0$ , $\mathrm{R}\mathrm{i}\mathrm{c}(X)=0$ .
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$ : .
. , $M^{2n}$ oriented , $M^{2n}$
$Q^{2n+1}$ .
. , $M^{2n}$ $(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{v})$
. $(\mathrm{i}\mathrm{v})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$ .
42 , 3.1 (3) $M^{2n}$










. 4 , $Q^{4}$ \searrow
, . 1
$Q^{4}$ , $\Sigma Q^{4}.=\Sigma^{+}Q^{4}\oplus\Sigma^{-}Q^{4}$ . $Q^{4}$
, ,
, . , 4 4
, ,
$K3$ , $T^{*}\mathrm{C}P^{1}$ .
, .
5.1. $Q^{4}$ 4 , $M^{2}$ $Q^{4}$ 2
. $M^{2}$ $Q^{4}$ . , :
(i) $M^{2}$ $Q^{4}$ .
(ii) $\psi\in\Gamma(\Sigma Q)$ , $\nabla^{\Sigma M\otimes\Sigma N}(\psi|_{M})=0$ .
(iii) $M^{2}$ $Q^{4}$ .
(iv) $\psi^{\pm}\in\Gamma(\Sigma^{\pm}Q)$ ,
$\nabla^{\Sigma M\otimes\Sigma N}(\psi^{\pm}|_{M})=0$ .
. $(\mathrm{i}\mathrm{v})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ , , $M^{2}$ 2
. , (i) (iii) .
. .
52. $Q^{4}$ 4 , $M^{2}$ $Q^{4}$ 2
. , :
(i) $M^{2}$ $\chi(M)+\chi(N)=0$ .
(ii) $M^{2}$ $Q^{4}$ .
$\psi^{+}\in\Gamma(\Sigma^{+}Q)$ , $\nabla^{\Sigma M\otimes\Sigma N}(\psi^{+}|_{M})=0$
, \chi (M). $M^{2}$ , $\chi(N)$ $M^{2}$ $N$ .
. 52 , (i) (ii) Micallef Wolfson[7]
.
, . , Lichnerowicz
.
53. $Q^{4}$ 4 , $M^{2}$ $Q^{4}$
2 . $M^{2}$ $K$ , $K_{N}$ .
,
$(D_{M}^{\Sigma N})^{2}=( \nabla^{\Sigma M\otimes\Sigma N})^{*}\nabla^{\Sigma M\otimes\Sigma N}+\frac{1}{2}K+\frac{1}{2}K_{N}$ on $\Gamma(\Sigma^{+}Q|_{M})$ (7)
28
$(D\ovalbox{\tt\small REJECT})\ovalbox{\tt\small REJECT}(\nabla^{808N}" \mathrm{y}\nabla^{808}"\ovalbox{\tt\small REJECT}-K-\ovalbox{\tt\small REJECT}_{K_{N}}$ on $\mathrm{F}(\Sigma^{-}Q|_{M})$22 (8)
.
5.1 . $(\mathrm{i}\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$ 3
. $Q^{4}$ }$\backslash -$ (7), (8) , $(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{v})$
. , $(\mathrm{i}\mathrm{v})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ ,
.
, 52 , , (2) (7) , (i) (iii)
. $(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$ , $TQ|_{M}=TM\oplus N$
1 . $(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})$ ,
Webster (cf. [8]) .
$-p-q=\chi(M)+\chi(N)$ .
, $p$ complex tangent point , $q$ anti-complex tangent point
. , , $\chi(M)+\chi(N)=0$ , $p=q=0$ . , $M^{2}$
$Q^{4}$ . , Wolfson ([8, TheOrem2.2]) , $M^{2}$
$Q^{4}$ .
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